This paper is devoted to the construction and analysis of the finite element approximations for the H(D) convection-diffusion problems, where D can be chosen as grad, curl or div in 3D case. An essential feature of these constructions is to properly average the PDE coefficients on the sub-simplexes. The schemes are of the class of exponential fitting methods that result in special upwinding schemes when the diffusion coefficient approaches to zero. Their well-posedness are established for sufficiently small mesh size assuming that the convection-diffusion problems are uniquely solvable. Convergence of first order is derived under minimal smoothness of the solution.
1. Introduction. The H(grad), H(curl) and H(div) convection-diffusion problems, especially the convection dominated ones, arise in many important applications. To fix ideas, we consider a simple example taken from magnetohydrodynamics [26] ,
Physically, E and B are the non-dimensionalized electric field and magnetic field inside a conductor moving with a velocity v, respectively. The physical parameters are the magnetic Reynolds number R m , the relative electrical conductivity σ r , and the relative magnetic permeability µ r . With a simple implicit time-discretization on the Faraday's Law and eliminations of the magnetic field E and the current density j, the electric field satisfies the following H(curl) convection-diffusion equation:
and B − is a known magnetic field from the previous time step. The term −β×(∇×E) in (1.1) is the electric convection, which is an analogue of the β · ∇u in the scalar convection-diffusion equation the error estimate under minimal smoothness of the solution. Finally, in Section 6, we show that the SAFE schemes are robust and effective for general convection-diffusion problems through numerical tests. The detailed implementation and limiting schemes are presented in Appendix A.
2. Preliminaries. In this section, we introduce some notation and briefly review some basic properties of finite element triangulations and finite element spaces. In particular, we discuss some special properties of the P − 1 Λ k discrete de Rham complex which, as we shall see later, will be the basis of devising the SAFE schemes for H(D) convection-diffusion problems.
Let the domain Ω is a bounded polyhedron in R n (n = 2, 3). Given p ∈ [1, ∞] and an integer m ≥ 0, we use the usual notation W m,p (Ω), · m,p,Ω , | · | m,p,Ω to denote the usual Sobolev space, norm and semi-norm, respectively. When p = 2, H m (Ω) := W m,p (Ω) with | · | m,Ω := | · | m,2,Ω and · m,Ω = · m,2,Ω . Let T h be a conforming and shape-regular triangulations of Ω. h T is the diameter of T , and h := max T ∈T h h T .
Throughout this paper, we assume n = 3, although all the results extend without major modifications to the case in which n = 2.
2.1. Model problems. We consider the following boundary value problem Here, the unknown u is a differential k-form. d, d * , i β , i * β , and tr denote the exterior derivative, coderivative, contraction, dual of contraction (or the limiting of extrusion [6, 28] ), Hodge star, and trace operator, respectively (cf. [3] ). In terms of proxy fields in 3D, d = grad (or ∇) when k = 0, d = curl (or ∇×) when k = 1, and d = div (or ∇·) when k = 2. The correspondences between the contraction of differential forms and are recalled in Table 1 . Table 1 : Contraction and dual contraction of differential forms: exterior calculus notations and corresponding expressions for vector proxies.
We also consider the following boundary value problems that are associated with the dual of the operator L in (2.1):
For both of the above model problems, we assume that Γ 0 has positive surface measure. The coefficients are assumed to satisfy α(x) ∈ W 1,∞ (Ω; R), β(x) = (β i (x)) ∈ W 1,∞ (Ω; R n ) and γ(x) ∈ L ∞ (Ω; R). We further assume that α(x) and γ(x) are uniformly positive, i.e.,
Define the space
equipped with the norm w 2 HΛ,Ω := w 2 0,Ω + dw 2 0,Ω . Then, the variational formulation for (2.1) is: Find u ∈ V such that
And the variational formulation for (2.2) is: Find u ∈ V such that
We make the following assumptions for the well-posedness of convection-diffusion problems (2.1) and (2.2). [30, 32] , the Lie convection problems considered as the model problems. Thanks to the theory of Friedrichs' symmetric operators [24] , a sufficient condition that depends only on β(x) and γ(x) can be given for the purpose of coercivity. In this paper, we only consider the model problems (2.1) and (2.2), which are the simplest ones to present the features of SAFE schemes. The SAFE schemes for the Lie convection problems will be reported in the subsequent work.
P −
1 Λ k discrete de Rham complex. In this paper, we confine to the P − 1 Λ k discrete de Rham complex, i.e.
The local basis functions of P − 1 Λ k (T ), which are associated with the sub-simplexes of T , are denoted by ϕ a , ϕ E , ϕ F and ϕ T , respectively. The local degrees of freedom satisfy
Denote by S k T the set of sub-simplexes of dimension k. Thus, the set local degrees of freedom of P − 1 Λ k (T ) can be written as {l k S (·) | S ∈ S k T }. Then, the local canonical interpolation operator can be written as
We also define δ S (v) = l k+1 S (dv) for any v ∈ HΛ k (T ) and S ∈ S k+1 T .
3. Local Simplex-averaged Operators. In this section, we explain the basic idea of exponential fitting and construct the local simplex-averaged operators.
3.1. A crucial identity. Let θ = β/α. We first consider the case in which θ is a constant. Let J k θ u = d k u + i * θ u. In [34] , it is shown that, when k = 0,
, which motivates the following lemma serving as the starting point of this paper.
Lemma 3.1. Assume that θ is a constant vector. It holds that
Proof. We prove (3.1) case by case:
1. k = 0 and d 0 = ∇. It is straightforward to show that
2. k = 1 and d 1 = ∇×. Then, a direct calculation shows that
3. k = 2 and d 2 = ∇·. Clearly,
This completes the proof.
Remark 3.2. The above lemma is a special case of the gauge theory in differential geometry, see [20, 17] .
Define the operator E θ by E θ u = exp(θ · x)u. Thanks to Lemma 3.1, we have the following commutative diagram when θ is constant:
We note that a useful feature of the above commutative diagram is the invariance against spatial translation. Namely, (3.2) also holds when defining E θ u = exp(θ · (x − x 0 )) for any x 0 ∈ R n .
3.2.
Local simplex-averaged operators. We explain the simplex-averaged operators on an element T . Thanks to the commutativity property that d k Π k T = Π k+1 T d k and Lemma 3.1, we formally obtain
. Therefore, we define the operator J k θ,T that mimics the above equality at discrete level.
. In order to show the well-posedness of Definition 3.3, we first show the well-posedness of the simplex-averaged operator given below.
3) can be written explicitly in terms of the simplexaveraged operator
Further, we can define the interpolationsΠ k θ,T :
In summary, we depict the 3D-commutative diagram in Figure 1 . The exactness of discrete de Rham complex and Lemma 3.5 lead to the following corollary. Fig. 1 : 3D-commutative diagram, the front and above diagrams require θ to be constant.
Corollary 3.6. It holds that J k+1 θ,T J k θ,T = 0. 4. Simplex-averaged Finite Element Methods. In this section, we present a family of finite element approximations for (2.1) and (2.2).
Thanks to the J θ,T given in Definition 3.3, first we introduce the following local bilinear form on a fixed element T ⊂ T h
We give the explicit form of (4.1) in the following theorem.
Proof. In light of (3.5) and commutativity property, we have
Then, (4.2) follows from the definition ofã T in (4.1).
Note that the local bilinear form (4.2) requires the local mass matrix of HΛ k+1 . In what follows, we introduce the local bilinear form of SAFE which is more friendly to the implementation. The primary step is to construct a local constant interpolation so that the resulting bilinear form mimics the graph Laplacian.
Letᾱ be the local L 2 projection of α on the piecewise constant space. Letθ be a piecewise constant approximation of θ such that
We also define the harmonic average on a sub-simplex S ⊂T as
To make our point, we start from the well-known H 1 graph Laplacian
We have the following lemma.
Lemma 4.2. The following identity holds
Then, from (4.5), we have
which leads to (4.6).
We are now in the position to present the local bilinear form for the H 1 convectiondiffusion as
Proof. From (4.7) and Theorem 4.1, we havē
Therefore,
Local bilinear form of SAFE on
We consider the following three cases (see Figure 2 ): Here, we use the following formula (cf. [5, Section 2.
2.Ē andĒ share a common vertex. Without loss of generality, we consider the case in which E = − −→ a 1 a 2 , E = − − → a 1 a 3 . Then,
Lemma 4.7. The following identity holds
Proof. For any ξ, η ∈ R 3 , let u ξ = 1 2 ξ × x and 1 2 η × x. Then, from (4.10), we have
Switching F and F leads to the second equality in (4.11).
By analogy the local SAFE bilinear form for the H(curl) convection-diffusion is given as
Theorem 4.10. It holds that
Proof. From (4.12) and Theorem 4.1, we havē
Local bilinear form on P
For the H(div) convection-diffusion problem, since P − 0 Λ 3 (T ) is constant, then the operatorΠ 3 T is an identity operator. As a consequence, (4.2) can be recast into
where ω T = 1/|T |.
Summary of local bilinear forms.
We summarize the operators defined above in (4.16) . Note that the diagrams are commutative when θ is constant.
The local SAFE bilinear forms for H(grad), H(curl), and H(div) convectiondiffusion problems can be written in a unified fashion:
where J k θ,T is given in Definition 3.3. The equivalent forms for k = 0, 1, 2, which are suitable for the implementation, are given in (4.9), (4.14) and (4.15), respectively. The implementation hinges on the stable discretization of Bernoulli functions, see Appendix A.1. In addition, the SAFE schemes are shown to have limiting schemes for vanishing diffusion coefficient α, see Appendix A.2.
SAFE schemes. Let
Having the local SAFE bilinear forms (4.17), the global bilinear forms are then obtained by summing over all the local forms and adding the low-order terms, i.e.,
Finally, the finite element approximations of the problems (2.1) read: Find u h ∈ V h such that
For the discretization of dual problems (2.2), we simply define a * h (w h , v h ) = a h (v h , w h ). Then, the finite element approximations of the problems (2.2) read: Find
Remark 4.11. In [38] , the monotonicity of EAFE requires the mass-lumping for the low-order term.
Analysis of Discrete Problems.
In this section, we analyse the SAFE schemes for the H(D) convection-diffusion problems. As an essential tool, we first present some local error estimates. Under the well-posedness of the model problems, we then establish the well-posedness for the discrete problems. 
Here, C(p) max{1, (p − n) −σ } where σ is a positive number determined by Sobolev embedding. In addition, (5.1) also holds when replacingΠ k θ,T byΠ k θ,T .
Proof. Consider a change of variable from the standard reference elementT to T : x = F(x) = Bx + b 0 . From the definition ofΠ k θ,T in (3.6), the corresponding projection can be written aŝ
ϕŜ, whereθ(x) = θ (F(x) ).
Since the coefficient of ϕŜ is a weighted average, we have 
The estimate forΠ k θ,T follows from a similar argument. In the proof of Lemma 5.1, we have the following stability ofΠ θ,T . where the hidden constant does not depend on θ.
We now want to analyse the behavior of theΠ k+1 θ,T J k θ w − J k θ,TΠ k θ,T w. According to the commutative diagram (4.16), we deduce that
Let x c be the barycenter of T . The main observation is thatΠ k θ,T (resp.Πθ ,T ) does not change under the transformation θ · x → θ · x −θ · x c (resp.θ · x →θ · x −θ · x c ).
Proof. In light of the definition ofΠ k θ,T in (3.6), dividing exp(−θ · x c ) on both numerator and denominator of the coefficient of ϕ S , we havẽ
Then, for any x ∈ S, we have θ · x −θ · x c 0,∞,T h T θ 1,∞,T 1 and therefore
Then, we have the estimates of the numerator and denominator
Note that, for any
Taking v = w − w h , by the Bramble-Hilbert lemma and the standard scaling argument, we obtain the desired result.
Error Analysis.
Define the special interpolationsΠ k θ,h byΠ k θ,h w| T := Π k θ,T w for any T ∈ T h . We first give an estimate for the difference between continuous and approximating bilinear forms.
Lemma 5.4. For any T ∈ T h , assume that h T θ −1 1,∞,T , J k θ w = d k u + i * θ u ∈ W 1,p (T ) and w ∈ W 1,r (T ) where p, r > n. Then, the following inequality holds
Clearly,
Thanks to Lemma 5.1, we have
Using inverse inequality, Corollary 5.2 and Lemma 5.3, we have (5.8)
By (5.5) -(5.7), we obtain the desired results. and (4.20) are well-posed and furthermore the following inf-sup conditions hold:
Proof. It is well-known (c.f. Schatz [36] , Xu [37] ) that, thanks to (2.5), the bilinear form a(u h , v h ) satisfies discrete inf-sup condition as for sufficiently small h:
It follows from Lemma 5.4 that
Observe that |d k w h | 1,p,T = 0 for any w h ∈ V h and T ∈ T h . By inverse equality, we have the estimate of discrete flux
The rest of the terms in Θ 1 (α, θ, γ, w h ) can be estimated by the inverse inequality. That is,
where (5.11)
The desired result then follows when
We have the following convergence results for problems (2.1) and (2.2).
Theorem 5.6. Let u be the solution of the problem (2.1). Assume that for all T ∈ T h , u ∈ W 1,r (T ) and J k θ u ∈ W 1,p (T ), p, r > n. Then, the following estimate holds for sufficiently small h:
Proof. By Lemma 5.4,
By the discrete inf-sup condition (5.9),
Theorem 5.7. Let u be the solution of the dual problem (2.2) . Assume that for all T ∈ T h , h T θ −1 1,∞,T , u ∈ W 1,r (T ) and J k θ u ∈ W 1,p (T ), p, r > n. Then the following estimate holds for sufficiently small h: .
Thus, by triangle inequality, we obtain the desired result.
6. Numerical Tests. In this section, we present several numerical tests in both 2D and 3D to show the convergence of SAFE scheme as well as the performance for convection-dominated problems. We setθ| T = θ(x c | T ) on each element T . The uniform meshes with different mesh sizes are applied in all the tests.
where the 2D curl operator is defined by curlφ = (∂ x2 φ, −∂ x1 φ) T . Therefore, when k = 1 in 2D, the operator L in the boundary value problem (2.1) can be written as
The computational domain is the square Ω = (0, 1) 2 , and Γ 0 = ∂Ω. The convection speed is set to be β = (−x 2 , x 1 ).
Convergence order test. f is analytically derived so that the exact solution of (2.1) is
As shown in Table 2a , the first-order convergence is observed for both L 2 and H(div) errors when α = 1, γ = 1. For the case in which α = 0.01, no convergence order is observed for H(div) error when the ratio h/α is rather large. With the growth of 1/h, the discrete system becomes more and more diffusion-dominated. Thus, the first-order convergence rate in H(div) norm is gradually shown up. To our surprise, the L 2 convergence order of SAFE seems to be stable with respect to the diffusion coefficient α, see Table 2b .
Numerical stability. We set f = (1, 1) T and h = 1/32. We observe that, when α = 2 × 10 −3 , the SAFE discretization is stable (Figure 3b ), in comparison with the standard conforming discretization based on the H(div) variational form, which suffers from spurious oscillation (Figure 3a) .
Moreover, we take the diffusion coefficient α = 1 × 10 −7 . Compared to the convection speed β, the ratio h/α = 312500 is rather large. Figure 3c-3d shows that there is no spurious oscillation or smearing near the boundary or internal layers for SAFE. In addition, the numerical solutions under the given mesh are shown to converge as α → 0, which confirms the results in Appendix A.2. Let Γ 0 = ∂Ω and the convection speed be β = (x 2 , x 3 , x 1 ) T . The Dirichlet boundary condition and f can be analytically derived. As shown in Table 3 , the first-order convergence is observed for both L 2 and H(curl) errors when α = 1, γ = 1. In addition, when the convection and h/α are of the same order of magnitude, the first-order convergence for H(curl) error is observed.
Appendix A. Implementation issues and limiting case. We shall discuss the implementation of SAFE, and briefly discuss the limiting case when the diffusion coefficient approaches to zero.
A.1. Bernoulli functions. In light of (4.9), (4.14) and (4.15), the local SAFE stiffness matrix is assembled by ω T E , ω T F F or ω T , which is determined by the local stiffness matrix of (d k w h , d k v h ) T or the geometric information of T , and the following coefficients:
diffusion coefficient × exponential average on sub-simplex of dimension k exponential average on sub-simplex of dimension k + 1 .
Therefore, thanks to the affine mapping to reference element, the implementation of the SAFE hinges on the following Bernoulli functions: Denote the vertexes of T by a i , (i = 1, 2, 3, 4). Defineβ =θᾱ and t ij = a j − a i . Below we give the detailed formulations of local SAFE bilinear forms.
1. k = 0: The local SAFE bilinear form (4.9) can be implemented by
2. k = 1: Note that, for any two faces F = − −−− → a i a j a k and F = −−−→ a i a j a l , (k = l), the orientations must be different. Therefore, the local SAFE bilinear form = ω T Bᾱ 3 (β · t 43 ,β · t 42 ,β · t 41 )l 2 F1 (w h ) + Bᾱ 3 (β · t 14 ,β · t 13 ,β · t 12 )l 2 F2 (w h ) + Bᾱ 3 (β · t 21 ,β · t 24 ,β · t 23 )l 2 F3 (w h ) + Bᾱ 3 (β · t 32 ,β · t 31 ,β · t 34 )l 2 F4 (w h ) δ T (v h ).
Here, the degree of freedom l 2 Fi (·) corresponds to the unit outer normal. In light of (A.2)-(A.7), we immediately see that the SAFE have limiting schemes when the diffusion coefficient approaches to zero. The resulting schemes are special upwind schemes according to limit of Bernoulli functions.
